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Abstract. We determine the nef cone and effective cone of the Hilbert scheme X' 71 ' 
of points on the projective plane X = P 2 , characterize all the rational curves in JfM 
of degree-1 with respect to some very ample line bundle, describe the moduli spaces 
of these curves, and study the contraction of the extremal ray on X^ n '. 
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1. Introduction 

The Hilbert scheme Jf'™' of points in a smooth projective surface A is a desingu- 
larization of the n-th symmetric product Sym"(A) of A (see [Fol]). An element £ in 
A^ is a length- n O-dimensional closed subscheme of X. Recently, there are two sur- 
prising discoveries, mainly due to the work of Gottsche [Got], Nakajima [Nal] and 
Grojnowski [Gro], that the Hilbert schemes A^ (n > 0) have relationships with 
modular forms on the one hand and with representations of infinite dimensional 
Lie algebras on the other hand. Their work basically deals with the cohomology 
groups (the Hodge numbers as well) of A^l. The geometry of is another in- 
teresting area of research. An excellent example in this regard is Beauville's work 
[Bea] which says that admits a hyperkahler structure when X is a A3 surface. 
In this paper, we shall study the geometry of the Hilbert scheme A^ when X is 
the projective plane P 2 . To be more specific, we shall determine the nef cone and 
effective cone of X^ n \ characterize all the rational curves in AW of de gree-1 with 
respect to some very ample line bundle on X^ n \ and study the contraction of the 
extremal ray on Xl n l Throughout the paper, we assume that n > 2. 

Let X = P 2 , £ be a line in A, and x\, . . . , x n -i G A be distinct but fixed points 
with Xi <£ I for % = 1, . . . , (n - 1). Let M 2 (x x ) = {£ G X® | Supp(£) = {xi}} 
be the punctual Hilbert scheme parameterizing length-2 O-dimensional subschemes 
supported at x\. It is known that M<z(x\) = P 1 . We define two curves in AN; 

fy = {x + xi + ... + ar„_! e X™ \xel}, (1.1) 
(in - { £ + x 2 + . . . + x n -x G X H I £ G M 2 ( Xl )} (1.2) 
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Both p n and f3( are smooth rational curves on X'™'. It can be shown that the 
1-cycle Pe — (n — l)/3„ in the Chow group Ai(X^) is rationally equivalent to a 
smooth rational curve. In section 3, we determine the effective cone of IW. 

Theorem A. The effective cone of X^ is spanned by (3 n and f3i — (n — l)f3 n . 
Next we introduce the following two divisors on the Hilbert scheme X^: 

£„ = {£eX["l||Supp(£)|<n} and D e = { £ G I W | Supp(0 n i + 0}. 

It can be shown that (nD? — B n /2) is very ample, and (3 n ■ (nDg — B n /2) = 1 = 
[fil — (n — l)[3 n ) ■ (nDg — B n /2). Moreover, curves of degree-1 with respect to 
(nDg — B n /2) are homologous to either [3 n or [3g — (n — l)/3„. We are interested in 
determining all these minimal degree curves. 

In section 4, we characterize all the curves 7 homologous to (3 n . To state the 
result, we put X^ n+1 ^ = { (£,7?) G X™ x X^+V |£ C n }, and define 

/ rl+1 :X["^ +1 ] - XW, Vn+i:^ [ "' n+1] -> Z„ +1 C x X 

where f n +i is the restriction of the projection X^ x X^ n+1 ^ — ► X'™', 2„+i is the 
universal subscheme of x X, and ?/>„ + i(£, 77) = (rj, Supp(/^// I) )) G Z n +i- 

It is known (see [ES2]) that ip n +i : X^ l ' n+1 ^ — > Z n+ i is canonically isomorphic to 
P(w2 n+1 ) where uz n+1 is the dualizing sheaf of Z n+ \. So the fiber (V'n+i) -1 ^, x) 
over (77, x) G Z n +i is isomorphic to the projective space P(w^ x <X> C x ). 

Theorem B. .A curve 7 m is homologous to f3 n if and only if 7 = /„ + i(C) 
where C is a line in the projective space (V>n+i) -1 (?7, x) with (r],x) G Z n+ \. More- 
over, in this case, the point (77, x) and the line C are uniquely determined by 7. 

We shall show that the moduli space of all these curves has dimension (2n — 2) 
and its top stratum consists of all the curves 7 of the form (1.2). Moreover, the 
normal bundles of these curves 7 in are determined. 

In section 5, we characterize all the curves 7 homologous to pg — (n — l)/3 n . Recall 
that Hilb"(P 1 ) = Sym^P 1 ) = P™. So Hilb"(C) ^ P™ for every line C in X = P 2 . 

Theorem C. A curve 7 in X^ is homologous to [3g — (n — l)(3 n if and only if 
there exists a line C in X = P 2 such that 7 is a line mHilb"(C) Cl w . Moreover, 
in this case, the line C in X = P 2 is uniquely determined by the curve 7. 

Note that the set of all lines in X = P 2 is the dual space (P 2 )*, and P((T (p2) ,)*) 
is isomorphic to the universal family {(x, C) G P 2 x (P 2 )*| x G C}. We prove that 
the set of all the curves 7 in X^ homologous to f3g — (n — l)(3 n is parameterized 
by the Grassmannian bundle Grass(Sym™((T( P 2),)*), 2) over (P 2 )* (here we refer to 
Conventions below for our convention on the Grassmannians) . 

In section 6, we study a morphism ipi on X^ which is defined as follows. Let 
Grass (H°(X, Ox(n— 1)) , n) be the Grassmannian of n-dimensional quotients of the 
vector space H° (X, Ox (n — 1)) . By a result of Beltrametti and Sommese [BSG] on 
fc-very ampleness, there exists a morphism <pi: X^ — > Grass(_ff°(X, Ox(n — l)),n) 
mapping £ G X^ to the n-dimensional quotient space H°(X, O^ ® Ox(n — 1)) of 
H° (X, Ox (n — 1)) . We show that when n > 3, <pi is the contraction of an extremal 
ray. Moreover, ipi : X^ — ► (pi(X^) is a small contraction when n > 4. 

Theorem D. When n > 4, the flip for the small contraction <pi exists. 
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All the results (including Theorem B) in section 4 are proved for a simply- 
connected smooth projective surface Y. They have been used to compute the 
1-point Gromov-Witten invariants of the Hilbert scheme X^ n \ and to study the 
quantum cohomology of X'™'. We refer to [L-Q] for details. 

Conventions: Let < k < n and V be an n-dimensional vector space. We use 
the Grassmannian Grass(V, k) to denote the set of all fc-dimensional quotients of 
V, or equivalently, the set of all (n — /c)-dimensional subspaces of V. Also, we take 
P(V) = Grass(V, 1). So the set of lines in F(V) is the Grassmannian Grass(V, 2). 

Acknowledgments: The authors thank D. Edidin, L. Ein, R. Friedman, S. Katz, 
Y. Kawamata and Y. Ruan for stimulating discussions. In addition, the first author 
thanks S. Katz and the Mathematics Department of Oklahoma State University 
for their hospitality during his visit there in June of 1999. This work is partially 
supported by a grant from the American Institute of Mathematics. 

2. Basic facts about the Hilbert scheme of points in a surface 

In this section, we shall fix some notations, and review some basic facts for the 
Hilbert scheme of points in a smooth projective surface. 

Let A be a simply-connected smooth projective surface, and X'"' be the Hilbert 
scheme of points in X. An element in X^ is represented by a length-n O-dimensional 
closed subscheme £ of X. For £ £ X^ n \ let 7j and be the corresponding sheaf of 
ideals and structure sheaf respectively. For a point x £ X, let £ x be the component 
of £ supported at x and I^. x C Ox.x be the stalk of 1^ at x. It is known from [Fol] 
that XH is smooth. In XH x X, wc have the universal codimcnsion-2 subscheme: 

Z n = {(£_, x) C XW xX|i£ Supp (£)} C XW x X. (2.1) 

Define the incidence variety X^ n ~ 1,n ^ = {(£,77) £ Y^" 1 ! x X' n ' £ C r/} C Y^" 1 ! x 
Al n l. It is known that Y^™ -1 '"! is smooth and of dimension In. Let X n and X^> = 
Sym™(Y) be the n-th Cartesian product and symmetric product respectively. Then, 
we have the Hilbert-Chow morphism p n and the quotient map v n : 

p„: Xl n UxW, u„:X"^l("l (2.2) 

For a subset Y C X, we define the subset M n (Y) in the Hilbert scheme X'"': 

M n (Y) = {£,£ XW\ Supp(0 is a point in Y} C X'"'. (2.3) 

So for x £ X, M n (x) is just the punctual Hilbert scheme of points on X at x. It is 
known that M n (x) are isomorphic for all X and all x £ X. Let Hilb n (C 2 , 0) be the 
punctual Hilbert scheme of points on C 2 at the origin. We adopt the isomorphism 

M n (x) ^Hilb"(C 2 ,0). (2.4) 

Given Y C X^^ and 77 £ X^ with {Supp(£)|£ £ Y} n Supp(?7) = 0, we use 
Y + 77 to represent the subset in X'"' consisting of all the points £ + rj with £ G Y~. 

Notation 2.5. (see [ES2]) Let /„ and g n be the projections of Xl"" 1 '"! C Al"" 1 ] x 
XW to Yl™- 1 ! and XW respectively. Let p„ and q„ be the projections of X'™' x X 
to Y^™] and Y respectively. Define the morphisms n n : Z n - YN by 7r n (»?,a:) = 
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77 and q: X^ n b™] — > X by q(^,rj) = Supp(I^/I n ). In addition, we put V« = 
($„,«): XI"- 1 -"] -> Z„ and ^ n = (/„,<?): Xl™" 1 -"] - Xl"" 1 ! x X. 

Next, we review some results on the homology groups of JW due to Gottschc 
[Got], Grojnowski [Gro], and Nakajima [Nal]. Let i? = H (X,C) © H 2 (X,C) © 
i?4(X, C), and £ = 5*(i? ®c t _1 C[t~ 1 ]) be the symmetric algebra over the infinite 
dimensional complex vector space H <g>c i _1 C[i -1 ]. For a e Hi(X,C) and fc > 0, 
let |a| = i and associate to a 8 t~ k a bidegree (fc, 2fc — 2 + \a\). The results 

+ 00 4n 

in [Got, Gro, Nal] state that S =004(^ W ,C). This identification can be 

n=0 k=0 

understood as follows. For i = 1, . . . , k, let on G i?i ai i(X, C) be represented by 
a real submanifold Ai such that A\,... , Ak are in general position. Then, the 
element (ai ® i"™ 1 ) . . . ® i - ™*) e 5 has bidegree 

(k k \ 

2^,^(2^-2+1^1) . (2.6) 
i=l i=l / 

Moreover, up to a scalar multiple, (a\ ® t~ ni ) . . . (ak <8> £~™ fc ) is represented by the 
closure of the real-^* : =1 (2n i — 2 + |aj|)-dimensional subset: 

{£1 + ... + & G I W |& G M ni (Aj) and Supp(&) n Suppfe) = for i ? 3} (2.7) 

where n = Yli=i n i an d M ni (Ai) is the subset of X^ defined by (2.3). 

In particular, if a € H2(X,C) is represented by a real surface C in X and if 

D c = {£ € XN I C n Supp(f) ^ 0}, then we obtain the homologous relation: 

D c ~ l/(n - 1)! • (a ® i -1 )^ ® i" 1 )"" 1 G S 1 . (2.8) 

Note that if C is an algebraic curve in X, then Dc is a divisor in X'"'. In fact, 
(9xm(-Dc) = {pn)*£c where £c* is the unique line bundle over X^ satisfying 
(v n )*Cc = <E)" =1 (Xi)*Ox(C). Here X t is the projection of X n to the i-th factor. 
Thus if n > 2 and the curve C is an ample divisor on X , then Dp is nef and big, 
but not ample. By linearity, we extend the notation Dc to any divisor C on X. 
When n > 2, another distinguished divisor on X'"' is defined by 

B„ - f G XW I I Supp(£)| < n} ~ l/(n - 2)! • (X ® t" 2 )(X ® t" 1 )"- 2 . (2.9) 

Lemma 2.10. Let n > 2 one? X 6e simply- connected. Let real surfaces {C\, . . . , C s } 
/orm a basis of H 2 (X, C). TTien B n , Dc 17 ■ • ■ , f c a /orm a basis of H± n ^2{X^ l \ C). 

Proof. Let be the homology class represented by Cj. Expand the basis {a\, ... , a s } 
of H2(X,C) to the basis {«o = a;, ai,... ,a s ,a s+ i = X} oi H — Hq(X,C) © 
H 2 (X,C) © H 4 (X,C). By (2.6), a basis of i/ 4 „_ 2 (XW, C) consists of elements of 
the form (a mi ®t~ ni ) . . . (a mk ®t~ Uk ) with n, > 1, X)»=i n * = n > and Si=i( 2 "i _ 
2 + |a m J) = 4n - 2. Hence, EjUflamJ - 2) = 2n - 2. Since |a m J G {0,2,4}, 
either |a mi | = 4 for all i or a mi | = 2 for some ig and |a mj | = 4 for j ^ «o- 

In the first case, a mi — X for all i. Since 2n — 2 = X^=i(4 — 2), k = n— 1. Since 
n = X)i=i ni = 2 and n 2 = • • • = ^n-i = 1 up to an ordering of «i, . . . , n„_i. 
So (a mi ® i"" 1 ) . . . (a mk <S> t~ nk ) - (n - 2)! • B n by (2.9). In the second case, we 
may let i = 1. Then 2n - 2 = EiLid^ | - 2) = 2(fc - 1) < 2n - 2. So fe = n, 
n t = 1 for all *, and (a mi ® t"™ 1 ) . . . (a m , ® t- n ») ~ (n - 1)! • £> Cmi by (2.8). □ 
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3. The nef cone and effective cone of when X = P 2 

In this section, we review some construction in [BSG] and use it to determine 
the nef cone and effective cone of X^ when X is the projective plane P 2 . 

Definition 3.1. (sec [BSG]) A line bundle L on a projective surface X is k-very 
ample if the restriction H°(X, L) — ► H°(X, 0^®L) is surjective for every £ G Jd fc+1 l. 

The concept of fc-very ampleness relates X^ k+1 ^ to a Grassmannian as follows. 
The surjective map in Definition 3.1 represents an element in Grass(id°(A, L), fc+1). 
So we get a morphism tpk(L): X^- k+1 ^ — > Grass(_ff°(A, L), fc + 1) when L is fc-very 
ample. Letting h = h a {X,L) and <£: Grass(C /l , fc + 1) -> P((A' l -( fe + 1 )(C' 1 )*) be the 
Pliicker embedding, then we see from the Appendix of [BSG] that 

CP o <p k (L))*n = O xlk+1] (D Cl{L) - Bfc+i/2) (3.2) 

where is the hyperplane line bundle over the projective space P((A' l -( fe+1 )(C' 1 )*). 

Remark 3.3. Let fc > 1 be an integer. By the Theorem 2.1 in [BSG], there exists 
a very ample divisor C on X such that the line bundle L = Ox(C) is (fc + l)-very 
ample. Then by the Main Theorem in [C-G], the morphism fk{L) is an embedding. 
By (3.2), the divisor (D c - B k+1 /2) on X^ k+1 ^ is very ample. 

In the rest of this section, we assume that X = P 2 . 

Lemma 3.4. Let X = P 2 . Then the line bundle Ox(n) is n-very ample. 

Proof. We use the Theorem 2.1 in [BSG]. Let I be a line on P 2 , C = (n + 3)1, 
and fc = n. Then, K x + C = nl and C ■ C = (n + 3) 2 > 4n + 5. Suppose 
Ox(n) — Ox(Kx + C) is not n-very ample. By the Theorem 2.1 in [BSG], there 
exists an effective divisor D on X such that C-D — n — 1 < D-D < C ■ D/2 < n + 1. 
Let D - d£. Then, d > and (n + 3)d - n - 1 < d 2 < (n + 3)d/2 < n + 1. Since 
d 2 < (n + 3)d/2, d > 0. Now, (n + 3)d/2 < (n + 1) implies d < 2. So d = 1 which 
contradicts to (n + 3)d — n — 1 < d 2 . Hence, Ox(^) is n-very ample. □ 

Note that for fc > 1, fc-very ampleness implies (fc — l)-very ampleness. Therefore, 
by Lemma 3.4, we get the following two morphisms: 

Grass (H°(X,O x (n - l)),n) , (3.5) 
^2=Vi(OxW): I W - Grass (i/ (A, O x («)),n). (3.6) 

For i = 1 or 2, let £ 4 = h°(X,O x (n - 2 + i)) = (™+ l ), = dim(A / «- n C / «) - 1, 

Grass(C £ %n) -» P^ be the Pliicker embedding, d = % o ^: jH -» P^, 
and be the hyperplane line bundle over P^. By (3.2), 

{* 1 )*Hi=O x[ n ] ((n-l)D t -B n /2), ($ 2 )*W 2 = O xM {nD t - B n /2). (3.7) 

Lemma 3.8. Let X = P 2 . Then the morphism <p 2 in (3.6) is an embedding of 
the Hilbert scheme X^ n \ and the divisor {nDi — B n /2) is very ample. 

Proof. By Lemma 3.4, O x (n) is n-very ample. So by the Main Theorem in [C-G], 
ip 2 is an embedding. By (3.7), (nDg — B n /2) is very ample. □ 
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Next, we study ((n — l)Di — B n /2). We begin with a construction. Let £ = 
Xi + . . . + x n -i G X^™ -1 ! where x\,... , x n -\ are distinct points in the line £ c X. 
Let (£ + £) be the closure of (I — Supp(£)) + £ in X^ n \ Alternatively, consider: 

^ C X£ c x^- 1 ^ 

j L„ (3.9) 

Cxi c (xi c Xi"- 1 ! x X 

where ^ and X^ are the strict transforms of £ x £ and £ x X in A^™ -1 '™! respectively. 
Since </>„ is the blowup of Al" -1 ! x X along iJ„_i (see the Proposition 2.2 of [ES2]), 
is isomorphic to the blowup of £ x X = X at xi, . . . ,x n -\. Let be the 
exceptional divisor in X^ over a;,. Then, (0nlx ? )*(£ x I) = ^ +X)"=i 1 ^« m ^i(^Q)- 
Notice that g n {t{) = (^ + andffn(-Ei) = M 2 (a; i )+a;i . . . + x i - 1 +x i+1 + . . . + x n -i. 
In fact, since g n \ x '■ ~~ * 9n{X^) is an isomorphism, we have 

(9n\x ( )*(h) = (t + and (g n \x ( ).(Ei) = (3.10) 

in Ai(XW). Here /3„ is defined in (1.2). Also, recall & from (1.1). 

Lemma 3.11. With the above notations, (£ + £) = 0i — (n — l)0 n m Ax(A[™l). 

Proof. Choose another line £' such that Supp(£) n£' = 0. Then in Ai(XW), 

(5«lx,)*(0nli 5 )*(C X I) - (.9„|^)*(<^)*(£ X /) = (/+£)=&,=&, 

n-1 

(9n\ X( UK\ Xs nc x t) = (9n\ X( uh + E E ^ = v+® + ( n - 

1=1 

where we have used (3.10). So (£ + £)= e -(n - 1)0„ in i^lW). □ 

Proposition 3.12. Let X = P 2 , and (pi be the morphism defined in (3.5). 

(i) If n > 2, then the divisor ((n — 1)-D^ — B n /2) on X^ is nef but not ample. 

(ii) Ifn = 2, then l Pi : X^ -> Grass (H°(X, O x (l)), 2) = (P 2 )* is isomorphic 
to the relative Hilbert scheme Hilb 2 (P((T (P 2 ) »)*)/(P 2 )*) over the dual space (P 2 )*. 

Proof, (i) We have the following intersection numbers: 

p e -D t = l, 0i ■ (-B n /2) = 0, n -D e = O, n -(-B n /2) = l (3.13) 

where the last one follows from the Claim 2 in the Appendix of [BSC]. It follows 
that ((n - \)D t - B n /2) ■ (0 t - (n - l)0 n ) = 0. By Lemma 3.11, (0 e - (n - l)0 n ) 
is rationally equivalent to an effective curve. So ((n — l)Dg — B n /2) is not ample. 
By (3.7), the divisor ((n - 1)D £ - B n /2) is nef. 

(ii) When n = 2,<p! = ¥>i(Ox(lj): l' 2 ' -» Grass (if (A, Ojc(1)), 2) = (P 2 )*. 
An element £ el' 2 ' determines a unique line ^ in X and </9i(£) = £$ E (P 2 )*. So 

is a surjection whose fiber over a line £ € (P 2 )* is Hilb 2 (£) = Sym 2 (£) = P 2 . Note 
that {(x,£) e P 2 x (P 2 )*| ief}~ P((T (p2) ,)*). So : A^ -> (P 2 )* is isomorphic 
to the relative Hilbert scheme Hilb 2 (P((V (P 2).)*)/(P 2 )*) over (P 2 )*. □ 
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Theorem 3.14. Let n>2 and £ be a line in X = P 2 . 

(i) The nef cone of X^ is the cone spanned by Dg and ((n — 1)D( — B n /2); 

(ii) The effective cone of X^ is the cone spanned by n and (0£ — (n — l)0 n ); 

(iii) Let be the homology class of an effective curve in the Hilbert scheme 
Then, ■ (nDg — B n /2) = 1 if and only if either — n or — (0g — (n — l)0 n ). 

Proof, (i) Note that Dg is nef and big, but not ample (see the paragraph containing 
(2.8)). By Proposition 3.12, ((n — 1)D? — B n /2) is also nef but not ample. By the 
Theorem 1.1 (i) in [ESI] and the results in [Fo2, BSG], the divisors (-B n /2) and 
D e form a basis for A 2n _i(XM) H 4n _ 2 (X^,Z). So the nef cone of the Hilbert 
scheme X^ is the cone spanned by Di and ((n — l)Di — B n /2). 

(ii) Since (— B n /2) and Dg formabasisforf/4„_ 2 (X[ ri ],Z), we see from (3.13) and 
the Poincare duality that {0g,0 n } is a basis for H2(X^ n \Z). By (1.2) and Lemma 
3.11, both (3 n and (0g — (n — l)0 n ) are numerical equivalence classes of effective 
curves. By (3.13) again, n -D e = 0, (0 e -(n-l)0 n )-D e = 1, n -((n-l)D e -B n /2) = 
1, (Pi -(n- l)0 n ) ■ {{n - l)D e - B n /2) = 0. It follows from (i) that the effective 
cone of is spanned by (3 n and (f3g — (n — 1 )/?„). 

(iii) Let (3 = a(3 n + b(/3e — (n — l)f3 n ). Intersecting (3 with the nef divisors Dg and 
((n — l)D£ — B n /2), we see that a and b are nonnegative integers. Since (nD^ — B n /2) 
is very ample and (3 n ■ (nDg — B n /2) = (f3t — (n — l)(3 n ) ■ (nDg — B n /2) = 1, we 
conclude that (3 ■ (nD e - B n /2) = 1 if and only if (3 = (3 n or = (0 e -(n- l)0 n ). □ 

4. Curves homologous to (3 n 

In this section, X stands for an arbitrary simply-connected smooth projective 
surface (not just P 2 ). We shall determine all the curves in the Hilbert scheme X'"' 
homologous to n , and study their moduli space. 

First of all, we study curves 7 in the punctual Hilbert scheme M n (x) C X'"' such 
that 7 ~ n . We shall establish some notations, and prove three technical lemmas. 
We identify M n (x) with Hilb"(C 2 , 0) throughout this section. Let R = C 2 fl be the 
local ring of C 2 at the origin, and m = (it, v) be the maximal ideal of R where u, v 
form a coordinate system of C 2 at the origin. Let 77 e Hilb"(C 2 , 0). It is known (see 
[Iar]) that L, h0 D nv" and there is an embedding r: Hilb"(C 2 ,0) — + Grass(i?/m™, n) 
where R/m n is considered as a C- vector space of dimension ("J 1 ), and r maps 
77 e Hilb"(C 2 ,0) to the quotient R/m n -> R/I v ,a = O vfi -> 0. For simplicity, put 
G = Grass(i?/m",n) and l x = Then over G, there are a universal quotient 

bundle Q, a universal subbundle S and an exact sequence: 

0^S^ (R/m n ) ®O G ^Q^0. (4.1) 

It is known that det(Q) induces the Pliicker embedding p : G -> P((A £l ""C £l )*). 
So if H is the hyperplane line bundle over P((A £l ~"C £l )*), then det(Q) = p*H. 

Lemma 4.2. Let n > 2. Fix a point x G X and a curve 7 C M n [x). Regard 
7 C Hilb"(C 2 , 0) via the identification M n (x) ^ Hilb"(C 2 , 0). Then, 7 ~ n if and 
only if -y ■ B n = —2 if and only if p o t(j) is a line. 

Proof. Consider the rank-n vector bundle p n *Oz n over X^ n \ Following the similar 
argument as in the proof of the Claim 2 in the Appendix in [BSG], we can show that 
(j> n *0 z n )\M n (x) is a quotient of the trivial bundle (On n (i)) ffi '' where l\ = ( ra J ). 
The fiber of (p n *0 >z n )\ Mn ( x ) over 77 e M n (x) C X' n ' is H a {X,O n ) = 0^ x . Since 
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the fiber of t*Q over 77 £ Hilb"(C 2 ,0) is Vt o, we see from the universality of the 
quotient bundle that (p n *Oz n )\M n (x) — t*Q. It is known from the Appendix in 
[BSG] that c x (Vn*Oz n ) = -B n /2. Combining with det(Q) = p*H yields 

1 ■ B n = -27 • c 1 (p w O Zn ) = -27 • c 1 ((p, w O z J\M n (x)) 
= - 2 7 • ci(t*Q) = -2 7 • T*p* Cl (H) = -2(p o r)( 7 ) • ci(W). (4.3) 

Next, since 7 C M„(x), we have j-Dc = = (3 n -Dc for every real surface C in X. 
By Lemma 2.10 and the Poincare duality, 7 ~ f3 n if and only if j-B n = — 2 = (3 n -B n . 
By (4.3), j ■ B n = —2 if and only if p o t(^) is a line. □ 

Lemma 4.4. Lef fc = n(n — l)/2, and L C G = Grass(i?/m™, n) 6e a curve. 
Then, L is mapped to a line by p if and only if L is of the form 

L = {Span(/ 1 , . . . ,7 fe _ 1; \J k + fi k+1 ) | A, fi £ C, |A| + M ^ 0} (4.5) 

where /1, • • • , /fe+i G i? are polynomials such that f 1 , . . . , f^+i are linearly inde- 
pendent in the vector space R/m n = C l+k . 

Proof. From the definition of p, it is clear that if L is of the form (4.5), then p(L) 
is a line. Conversely, assume that p(L) is a line. We see from det(Q) = p*H that 
det(Q|L) — Ol(1)- Restricting (4.1) to L, we obtain an exact sequence: 

-> 5| L -» (R/m n ) ® O l -> Q| L - 0. (4.6) 

So det(<S|L) = 1). From the injection 5|l — > (R/m n ) <8> Ol, we obtain <S|l = 
0-=i 0l(oO with Y,ti a i = -1 and o< < °- Thus 5 k = (fc_1) © Ol(-1). Now 
the injection 0®^ k ^ — ► (i?/m n ) ® Ol gives rise to linearly independent elements 
.. , /fe_i in R/m n . The injection Ol(— 1) — > (i?/m™) ® Ol gives rise to two 
linearly independent elements / fe and f k+1 in R/m n such that / l7 . . . , /fc_i, A/ fc + 
M/fc+i are linearly independent when |A| + |/z| 7^ 0. So L is of the form (4.5). □ 

Lemma 4.7. Let x £ X and 77 £ M n+ i(x). Let £1,^2 £ M n (x) and £1 7^ £ 2 - 
£1,^2 C 77, i/ien J,,^ D m™ w/iere m x is t/ie maximal ideal ofOx,x- 

Proof. We have C n J{ 2 , x C 7£ 2 , x and I iuX n J{ 2 , x 7^ /^ 2lX . Since the 
colength of is n+ 1 and the colength of /£ 2lX is n, we obtain L v ^ x — I^ ltX ^I&,x- 
Since m™ c %, x and m™ c ^ 2>x , we get m™ C %, x n I& tX = I VtX . □ 

Now we are able to characterize all the curves 7 in the punctual Hilbcrt scheme 
M n {x) which is homologous to (3 n . By the Proposition 2.1 of [ES2], the fiber 
(V'n+i) _1 ('7, x) over (77, x) £ Z n+1 C X^ n+1 ^ x X is isomorphic to ®C X ). 

Proposition 4.8. Let n > 2, and X be simply-connected. Let x £ X, and 7 be a 

curve in M n (x). Then, 7 ~ f3 n if and only if 7 = f n+ \{C) where C is a line in the 
fiber (i/>„+i) _1 (77, x) ^ P(w^ ® C x ) /or some 77 G M n+1 (x). 

Proof, (i) Fix the identification M n (x) = Hilb"(C 2 ,0) in (2.4). Let C be a line in 

(T/jn+i) -1 ^, x) = F(u> n <8> C x ) for some n £ M n+ i(x). By Lemma 4.7, 7^, x D m™. 
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Choose polynomials /i, . . . , fk-i £ I n such that f 1 , . . . , f^—i form a basis of the 
(k — l)-dimensional subspace I^.x/m" c R/m n . Now, I VtX = C/i + . . . + C/fe_i+m™. 
So I„ = I„, x n C[u, v] = C/i + .'..+ C/fe-i + (u, v) n . 

Next, since ¥(u v <8> C x ) = P(Hom(C x , O v )*), the line C in (V'n+i) -1 (r?, x) ~ 
P(Hom(C x , £>,,)*) is generated by two different points [e 2 ] G P(Hom(C I , 0,)*) 
(so that the two morphisms ei,e 2 £ Hom(C x ,O r) ) = Homfl(i?/m, 0^) are linearly 
independent). Choose fk,fk+i £ -R sucn that [/&] = ei(l) and [fk+i] = e 2(l) in 
R/I ViX . Note that / l7 . . . , £ R/m n are linearly independent. 

Let £ £ 7 = /„+i(C), and assume that the point (£, ?j) £ C corresponds to 
[Aei + [ie 2 ] £ P(Hom(C X7 O ri )*). Then we have the exact sequence: 

o — ► c x Xe ^'o v — > o € — ► 0. 

So / £ = /, + C(A/ fc + /i/fe+i) = C/i + . . . + C/fc_i + C(A/ fc + /x/fc+i) + («, v) n . Thus 
t(7) = L which is of the form (4.5). By Lemma 4.4 and Lemma 4.2, 7 ~ /3„. 

(ii) Conversely, assume 7 ~ /3„. By Lemma 4.2 and Lemma 4.4, t(j) = L which 
is of the form (4.5). Let u: R/m n —> R/m n be the map defined by multiplication with 
u. Let ip u : R/m n ® Ol — ► R/xn n <g> 0l be the induced morphism, and consider the 
restriction of tp u to the subbundle S| L = L (-1)©0® (fc ~ 1} in (4.6). Since L = t( 7 ), 
Span(/ 1 , . . . , \fk + M./fe+i) ^ an ideal of R/m n whenever |A| + |/x j 7^ 0. So 
we see from the proof of Lemma 4.4 that tp u maps £>l(— 1) ffi 0® 1 to itself. 
Since Hom(C>L, Ol(— 1)) = 0, maps 0®' fc_1 ^ to ^. The same statement 

holds when we replace u by v. Hence, Span(/ 1 , . . . , fk-i) is an ideal of R/m n , and 
C/i + . . . + Cfk-i + tn" is an ideal of R with colength n + 1. Let 77 £ M n +i(a;) be 

defined by the ideal I v =Cfi + . . . + Cfk-i + (u, v) n . 

Since Hom(£> L (-l), L (-1)) = CTd C)]L( _ 1) , we have <p u \o L (-i) = c-Id OL (_ 1 ) for 
some c £ C. Then (<£«|e> L (-i))" = c"-Ido L (_i). However, (<£„)" = since u n £ m™. 
So c = 0, and tp u maps £> L (-1) © e>® (fe_1) to £>® (fe_1) . In particular, uj k ,uj k+1 £ 
Span(/ 1 , . . . ,/ fe _i). Hence uf k ,uf k+1 £ Similarly, vf k ,vf k +i £ V 

Define two i?- morphisms i? — ► O r) by sending 1 £ R to [/&], [/fc+i] £ 0,, respec- 
tively. They induce two i?-morphisms 61,62: = R/m — ► C I( since u/fe, ufk+i, 
vfk, vfk+i £ ^- Since 7i, • ■ ■ Jk-iJkJk+i e #/ m " are linearly independent, so 
are the two morphisms ei, 62 £ Hon^C^, O n ). Let C be the line in (^ n+ i) _1 (?7, 2:) = 
P(Hom(C x , Or,)*) generated by the points [ei], [e 2 ] £ F(Hom(C x , O n )*). As in the 
last paragraph in part (i) above, the points in f n +i(C) correspond to the ideals 
C/i + . . .+Cf k - 1 +C(\fk+fif k+1 ) + (u,v) n , A, fi £ C with \X\ + \fJ,\ ^ 0. These same 
ideals define the points in 7 since t(j) = L is given by (4.5). So 7 = f n +i(C). □ 

Next, we study an arbitrary curve 7 C l'"' homologous to f3 n . 

Lemma 4.9. (i) A curve 7 C X'"' homologous to f3 n is a smooth rational curve; 

(ii) A curve 7 C X^ is homologous to (3 n if and only if 7 = 7 fe + £ w/iere 
2 < k < n, "/ k is a curve in the punctual Hilbert scheme M k {x) for some x £ X, 
Ik ~ /3fe A'!' !, and ^ £ X^ k ^ is a fixed point with x Supp(^). 

Proof, (i) By Remark 3.3, (Dc ~ B n /2) is very ample for some divisor C on X. 
Since 7 • (Dc — B n /2) — [3 n ■ (Dc — B n /2) = 1, 7 is a smooth rational curve. 

(ii) First of all, assume 7 ~ (3 n . Since 7 is irreducible and 7 • Dc — fin ■ Dc — 
0, Pn(l) is a point in X^ n \ Let p n ("f) — n\X\ + ... + n m x m where rn > 1, 
Y^iLi n i = n ' anc l ^l)-- - j^m a re distinct points. Then 7 is contained in the 
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product Yl?=i M nA x i) C X^. Since M n% { Xi ) ^ Hilb"*(C 2 , 0), ff^M^^)^) = 
by the Theorem 1.1 (i) of [ESI]. By the Runneth formula, 7 - Y^LiiPih) + &) 
in nZLi -^ni( x i); where pj is the i-th projection of Yi^i M ni (xi), and £j G X^ 11 ^ 11 ^ 
with Supp(&) n Supp ( Pi ( 7 )) = 0. So 1 = (£> c - Bn/2) • 7 = iPc - B n /2) ■ 
(Pi(l) + £»)■ Since (Dc — B n /2) is very ample, there exists exactly one i such that 
Piij) is a curve in X^ and Pj("/) is a point in X^ 1 ^ for all j 7^ i. We may assume 
z = l. Let k = ni and a; = £1. Then 7 = 7^ + £ where 7^ C Mfc(x) and £ G X^ n ~ k ^ 
is fixed with a; ^ Supp(£). It remains to prove 7fc ~ in X^. 

Claim. Let x G X be a fixed point, and a C X^ 1 ^ be a curve such that x £ 
Supp(£) for every £ G a. Then, (a + x) ■ B n = a ■ B n _\. 

Proof. Define a = { (£, £+x) £ G a} C X^ 1 ^ 1 ^ . Since x ^ Supp(a), the restriction 
<?n|a : 5 — > a + x is an isomorphism. So (g n )*a — a + x. Similarly, (f n )*a = a. 
Let E n = {(£,n) G Xl™" 1 '"] I Supp(0 = Supp(r?),£ C 77}. Since 5 £ Supp(a), 
we obtain a Ci E n = 0. Since ((g n )*B n - {f n )*B n -\) = 2E n (see [Leh]), we have 
a ■ ((g n )*B n - (/„)*B n _i) = 0. Therefore, we obtain (a + x) ■ B n = (g n )*a ■ B n = 
a ■ (g n )*B n = a ■ (/„)*B n _i = (f n )*a ■ S„_i = a • £„_i. □ 

By deforming £ in X^- n ~ k \ we can assume that £ is Si + . . . + x n _fc where 
xi, . . . ,x„_fc are distinct points different from x. From the Claim, we get 

{jk+xi + ... + x n - k )-B n = (7fc+xiH hs„-n) -B n -i = ... ="f k -B k . (4.10) 

So 7 fc • S fe = 7 • £?„ = p n - B n = -2. Since 7 fc C M fc (x), 7fe ~ f3 k by Lemma 4.2. 

Conversely, suppose 7 = 7^ + £ where 2 < k < n, jk C Mk(x) for some x G X, 
7fc ~ /3fe in Xl fe l, and £ G is fixed with x g" Supp(£). We may assume that £ 

consists of (n — k) distinct points. By (4.10) and (3.13), 7 ■ B n = 7^ • Bk — Pk-Bk = 
—2. Then the same argument as in the proof of Lemma 4.2 yields 7 ~ [3 n . □ 

Theorem 4.11. Let n > 2, and X be a simply- connected smooth projective 
surface. Then, a curve 7 in X'"' is homologous to [3 n if and only if 7 = / n +i(C) 
w/iere C is a line in the projective space (^„ + i)~ 1 (?7, x) for some (rj,x) G Z n+ \. 
Moreover, in this case, (r],x) and C are uniquely determined by 7. 

Proof, (i) First, assume 7 ~ f3 n . By Lemma 4.9 (ii), we know that 7 = 7fe +£ where 
7fe G Mfc(x) for some x G X, £ G X[™ _fe ] is fixed with x Supp(^), and 7^ ~ in 
A"[ fc l. By Proposition 4.8, 7^ = fk+i(C) where C is a line in (V'fe+i ) _1 {Vk+i, x ) for 
some ?7fc+i G M k +\(x). Since Supp(?7 fe+ i) = {x} Supp(^), we choose V^Vk+i + 
£ G X^ n+1 ^ and (t],x) G Z n+ \. By the definition of V'n+i m Notation 2.5, 

(Vn+i)- 1 ^^) = {(C,r?) G |C G r, and Supp^//,) = x} 

- {(a + l vk+i + e * Kn+1] 1 a c %+i} 

=■ {(Cfc,»?fc+i) e X[ fe ' fc+1 l I Cfe G r/fe+i} = (^fc+i) _1 (T/ fc+ i,a;). 

Put c = {(a + ^%+i+OI(Cfc,»?fc+i) e^} = {(4 +C,»?)l(Cfc»»?fc+i) e C}, i.e., 

C is the line in (ip n+ i)~ (j), x) corresponding to the line C in (V'fe+i)~ 1 ( 7 7fe+i! x) 
via the above isomorphism (■)/'n+i) _1 (^, x) = (V'fc+i)" 1 (f/fc+i , x). Then, we see that 
7 = 7fe+£ = /fe+i(C)+£ = ./Wi(C). 
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Conversely, suppose 7 = /„+i(C) where C is a line in (•i/'n+i) -1 ^; x) for some 
(r),x) G -H n +i- Assume £(r] x ) = k + 1. Let % + i = 7/ x e X[ fc+:L 1. Reversing the 
argument in the preceding paragraph and using Lemma 4.9 (ii), we get 7 ~ /3„. 

(ii) To show the uniqueness of (rj,x) and C, let £1,^2 S 7 with £1 ^ £2- Then, 
£1,62 C 77. Since i{rj) = l+£(£i) = l+tfa), we get I v = I^nl^ 2 . So n and hence the 
point x are uniquely determined by 7. Since /n+i|(^> n+1 )-i(7j,s) : {ipn+i) {Vi x ) ~ * 
/ n +i((r/) n +i) (?7, a;)) is an isomorphism, C is also uniquely determined by 7. □ 

Our next goal is to give a global description of the moduli space 9Jt(/3„) of all 
the curves in homologous to (3 n . Note that 9Jt(/3„) is the union of certain 
irreducible components in the Hilbert scheme of curves in X^. We shall use the 
concept of the relative Grassmannian scheme (see [Sim]). 

Theorem 4.12. Let n > 2, X be a simply- connected smooth projective surface, 
and toz n+1 be the dualizing sheaf of Z n+ \ C X^ n+1 ^ x X . Then, there exists a 
bijective morphism from the relative Grassmannian Grass(w.E n+1 , 2) over Z n+1 to 
the moduli space 9Jt(/3„) of all the curves in X'"' homologous to (3 n . 

Proof. Put G = Grass(w Zn+1 ,2) for simplicity. Define Y = {([C], (£, 77)) G G x 
X [n,n+i]| c jg a line in (^^-i^a;) an d (£,r?) g C with Supp(J £ /I„) = {x}}. 
By the Proposition 2.1 of [ES2], P(w.z n+1 ) ^ over Z n+1 . So T is the 

universal subscheme in G Xz n+1 P(wz n+1 ) which is flat over G. Consider 

a : G x Zn+1 X [n < n+1] C G x X [n < n+1] Id E^ +1 g x X^. 

Note that the fiber of G over (77, x) E Z n+1 is G^^) = Grass(u> r)x ® C x , 2). So 

r| (?7iX) c G| (?7iX) x P(wz n+1 )|(,,x) = Grass(w,, x <g>C x ,2) x P(uj Vx ® C x ) 

= Grass^ C x , 2) x (V-n+i)" 1 ^ a;). (4.13) 

Since f n+1 maps (^„ + i) _1 (77,a;) isomorphically to f n+ i((ip n+1 )~\r],x)), we see 
that a\r ■ T — > a(r) is bijective. Moreover, assuming that g G G is mapped to 
(77, ir) via the natural projection G — > Z„ +i and g corresponds to the line 

{q} x c d ^ f r|, C {<?} x F(u Vk ®C X ) = {q} x (V^)" 1 ^,*) 

via the universal subscheme T C G x^„ +1 P(wz n+ i)j then we see from (4.13) that 
the same point q G G also corresponds to the curve 

a(T)\ q = a(r|,) = a({q}xC) = {q}xf n+1 (C) C {<?} x f n+1 (( 1 /; n+1 )- 1 (ri,x)) 

via the subscheme a(T) C G x X'"'. By Theorem 4.11, we conclude that via the 
subscheme a(T) C G x X'"' which is flat over G, the relative Grassmannian G 
parameterizes curves in X'"' homologous to f3 n . By the universal property of the 
Hilbert scheme of curves, we obtain a morphism A : G — > 9Jt(/3„). Moreover, we see 
from Theorem 4.11 that the morphism A is bijective. □ 
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Finally, we study a top stratum in Grass (wz n+1 , 2). Let x G X and £ = xi + 
. . . + x„_ 2 G _X"[™~ 2 1 be fixed such that x,X\, . . . , x„_ 2 are distinct points. Then 
the curve M 2 (x) + £ is homologous to fi n . The set of all such curves has dimension 

#(moduli of x) + #(moduli of £) = 2 + 2(n - 2) = 2n - 2. 

We shall prove that this set is the top stratum in Grass(w.z„ + i, 2). For this purpose, 
we now give a more detailed geometric description of this set as follows. Note that 
m x is the only colength-3 ideal in Ox, x whose minimal number of generators is 
3. Let 6{x) be the unique length-3 O-dimensional subschemc of X corresponding 
to m 2 . Let A„_i = {(xo, x\, . . . , x„_2) G X n ~ 1 \xo, x±, . . . , x„_2 are not distinct}. 
Define : X^ 1 - A„_i -► X^ 1 ! by *(x,xx,... ,x„_ 2 ) = 6{x) + 
Let 9(x) + £ G Im(*) where £ = E™"-, 2 ^. Then ; ( 7r n+i) _1 (^(a:) + £) consists 
of (n — 1) distinct points in Z n+ \: (0(x) + £,x), (0(x) + 1 < i < n — 

2. Note that Grass(a>.z n+1 , 2)|( e ( x \ + £ jX ) = Grass(a> e ( a; ) ®C X ,2) = Grass(C 2 ,2) = 
pt, where we have used (3.5) in [ES2]. In fact, Gvass(u>z„ +1 , 2)\(o( x )+£, x ) 1S the 
point in Grass(a>.z n+1 , 2) corresponding to the curve M 2 (x) + £ in iW. Also, 
Grass(o; Zn+1 ,2)|( e ( x ) +€;X .) = Grass(C,2) = 0. So Grass(wz n+1 , 2)|( ffri+1 )-i (Im( * )) is 
exactly the subset of Grass(u;.z n+1 , 2) described at the beginning of this paragraph. 

Proposition 4.14. (i) The subset Grass(a;.z n+1 , 2)|( 7rn+1 )-i( Im (^)) has dimension 
equal to (2n — 2), and is a top stratum inside Grass(a>.z n+1 , 2); 

(ii) Let 7 = M2(x)+xi + . . .+x„_2 where x, X\, . . . , x n -2 are distinct points in X . 
Then the normal bundle N cX [„] of"/ in is isomorphic to C® (2 " 2) ©0 7 (-2). 

Proof, (i) We need to show that the complement of Grass(w.z n+1 , 2)|( 7rn+1 )-i( Im (^)) 
has dimension less than (2n — 2). Let (£,x) G Z n+ \ — (7r„ + i)~ 1 (Im(<I')) such that 
Grass(o;2 n+1 , 2)|(j iX ) ^ 0. Then, £(£ x ) > 3; moreover, when ^(£ x ) = 3, we must 

have £ x = 6>(x). Since £ = tt„+i(£, x) g Im(*), cither ^ d = £(£ x ) > 4 or ^ = 0(x) 
and £ = 0(x) + £' where x £ Supp(£'), £' G ^ [ ™~ 2] and | Supp(£')| < (n - 3). Let 
5i and 52 consist of all (£, x) G Z n+ \ — (7T„ + i) _1 (Im(\I>)) satisfying these two types 
of conditions respectively. Now the dimension of Grass(w^„ + i , 2)|s 2 is at most 

#(moduli of x) + #(moduli of £') = 2 + [2(n - 3) + 1] < 2n - 2 

since Grass(uz n+1 ^)\(9( x )+(,' .x) is a point when x ^ Supp(£'). To estimate the di- 
mension of Grass(w.z„ + i , 2)|s i; let i = dime Homx(C I , C^ x )- Then, i = dimc(w^ ® 
C x ) by the formula (3.5) in [ES2] and the Lemma 2 in [E-L]. Using the Lemma 7 
in [E-L], we conclude that the dimension of Grass(w^ n+1 , 2)|s x is at most 

dim(Si) + dim Grass(w^ ® C x , 2) 

< [2 + (t - 1 - 2(i - 1)) + 2(n + 1 - *)] + 2(i - 2) 
=2n - € + 1 < 2n - 2 

since t = l(t; x ) > 4 for (£,x) G Si. Therefore, the complement of the subset 
Grass(a>.z n+1 , 2)|( 7rn +1 )-i(i m (*)) nas dimension less than (2n — 2). 

(ii) In an analytic open neighborhood of 7, X^ splits into X^ x Xi" -2 !. So 
N„ cX {n] = N © O®*- 2 ™ 4 - ) where TV is isomorphic to the normal bundle N of M 2 (x) 
in l' 2 ' via 7 ^ M 2 (x). Since TV ^ O® 2 , © M2(x) (-2), our result follows. □ 
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By Proposition 4.14 (i) and Theorem 4.12, the dimension of 9Jl(/3„) is (2n— 2), one 
more than the expected dimension ci(T X [„j)-/3„+dim X^— dim Aut(P 1 ) = (2n— 3). 
Therefore the moduli space of curves in homologous to (3 n is obstructed. 

5. Curves homologous to — (n — l)[3 n when X = P 2 

In this section, we take X = P 2 . We shall characterize all the curves in 
homologous to the class — (n — l)/3 n . In addition, we shall compute the normal 
bundles of these curves in X^ n \ and describe their moduli space. 

First of all, we describe some curves in X^ homologous to — (n — \)(3 n . 

Lemma 5.1. Let C be a line m X = P 2 , and consider = Hilb"(C) C iW. 

(i) Every line in = P" is homologous to @£ — (n — l)(3 n ; 

(ii) O x[n] (D e )\ cW =O c(n) (l). 

Proof, (i) Let x\, . . . , x n -i G C be distinct, and put 7 = C+(x\ + . . .+x n -\). Then 
7 is a line in the projective space = P™. By Lemma 3.11, 7 ~ 0t — (n — l)/3„. 
So every line in = P" is homologous to — (n — l)/3„. 

(ii) Follows from 7 • D t \ cW = 1 ■ D t = (fy - (n - l)/3„) -D t = l. □ 

Next we shall prove the converse of Lemma 5.1. Let 7 be a curve in 
homologous to fle — (n — l)/3 n . Then, 7 • (nDi — B n /2) = [fit — (n — l)/3 n ) ■ (nDi — 
B n /2) = 1. By Lemma 3.8, (nD{ — B n /2) is very ample. So 7 is a smooth rational 
curve. Let p\ be the projection from X n to the first factor. Let C 7 be the union of 
all the curves in pi (v" 1 (p n (l))) where p n and v n are defined in (2.2). 

Lemma 5.2. With the notations as above, C 7 is a line in X = P 2 . 

Proof. Suppose deg (C 7 ) > 2. Take a point £ G 7 and a smooth point x G C 7 such 
that x £ Supp(£). Since x G C 7 C pi (v^ 1 (p n (j))) , there exists £ x G 7 such that 
Pn(£x) = Hj3: + i)i where > 1, ry x G x( n ~ n!r \ and a; ^ Supp^). Choose a line I 
in X missing Supp(ry 2: )USupp(^), passing x, and intersecting C 7 transversally. Then 
the intersection I n C 7 is a finite set. Since deg(C 7 ) > 2, £ n C 7 contains one more 
point y ^ x. Hence there exists £ y G 7 with y G Supp(£ y ). Thus ^jCv G 7 H -Df- 
Since y 7^ x, y G I and £ misses Supp^), we have y ^ {x} U Supp^n) = Supp^). 
So £ x 7^ £ y . Since Supp(£) n £ = 0, we have ^ ^D^. Since £ G 7, 7 is not contained 
in Z?£. So 7 n Dg is a finite set of points. Since £, x ,£, v G J Ci De and ^ 7^ £ y , we 
obtain 7 • L>£ > 2, a contradiction to 7 • Dg = 1. □ 

Lemma 5.3. With the notations as above, let p~ t be a linear homogeneous poly- 
nomial defining the line C 7 C X = P 2 . Then, any degree-(n — 1) homogeneous 
polynomial divisible by p 7 must vanish at £ for every £ G 7. 

Proof. Let be the subspace of H°(X,Ox(n — 1)) consisting of all the degree- 
(n— 1) homogeneous polynomials divisible by p 1 . Recall from (3.5) that (pi sends £ G 
I'"' to the n(n-l)/2-dimcnsional subspace H°(X, £> x (n-l)<8>/ € ) of x (n- 
1)) . Since 7 • ((n - 1)D< - B„/2) = (A - (n - l)/3„) • ((n - 1)£>* - B n /2) = 0, 7 is 
contracted by 931. So the subspaces H°(X, O x (n - 1) <g> 1$) C H°(X, O x (n - 1)) 
are independent of £ G 7. Let V 1 = H°(X, Ox(n — 1) where £ G 7. It suffices 
to prove that V 7 — V p ^ as subspaces of H°(X, Ox{n — I))- 
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Let s £ Vy. Then s vanishes at every £ £ 7 by definition. Since C 7 C 
Pi{ v n i {Pn(l))) > s vanishes at every point in C 7 . So the polynomial s is divisi- 
ble by p 7 . Thus, s £ Vp T , and V 7 C V Pj . Since dimV P7 = h°(X,O x {n - 2)) = 
n(n - l)/2 = h°(X, O x (n - 1) <g> J{) = dim V 7 where £ £ 7, we have V 1 = V Py . □ 

Theorem 5.4. Let n > 2, and £ be a line in X. Then, a curve 7 C A^™' is 
homologous to — (n — l)[3 n if and only if there is a line C in X such that 7 is a 
line in Hilb n (C) C X^. Moreover, C is uniquely determined by the curve 7. 

Proof. By Lemma 5.1 (i), it remains to prove the "only if part. 

Let C — C 1 where C 7 is from Lemma 5.2. First, we claim 7 C Hilb"(C). Indeed, 
let £ £ 7. With the same notations as those in the proof of Lemma 5.3, we choose 
s = Pj ■ q £ V Pl where q £ H°(X, Ox(n — 2)) and q doesn't vanish at any point 
in Supp(£). By Lemma 5.3, s vanishes at £. So p 1 must vanish at £. Therefore, 
£ C C 7 = C. Hence, £ £ Hilb"(C) = for every £ £ 7. So 7 C Hilb"(C) C iW. 
Next, X [n](D e )\ mlh n( C ) = Omib" (C)(1) by Lemma 5.1 (ii). So viewing 7 as a curve 
inHilb"(C), we obtain 7-ci(0 H iib"(c)(l)) = 7" A? = 1. Thus 7 is a line in Hilb"(C). 

Finally, the uniqueness of the line C follows from the observation that if £ £ X M 
and n > 2, then £ is contained in at most one line in X = P 2 . □ 

In the following, we shall study the normal bundle of a curve 7 in X'"' homolo- 
gous to fy — (n— l)/3„. By Theorem 5.4, there exists a line C in X = P 2 such that 
7 is a line in C(") = Hilb"(C) C AH l n particular, 7V 7CC< „) S C 7 (l)®(™- 1 ). So 
we have the following exact sequence of normal bundles: 

- 7 (1)©(»- 1 ) - iV 7CXW - JV cWcxW | 7 - 0. (5.5) 

Proposition 5.6. Let n>2, and C and £ be lines in X = P 2 . Let 7 £ X'"' be a 
curve homologous to [3i — (n — l)[3 n . Then, 

(i) N cMcXln] =ir n *(q* n Ox(l)\z n )\ C M =Of (n) ®O cW (-l)®("- 2 >; 

(ii) iV 7CXH = 7 (1)®("- 1 ) © O® 2 © 7 (-l)®<"- 2 ); 

(iii) the moduli space 9Jl(f3e — (n — l)/3„) 0/ aZZ i/ie curves in X^ homologous to 
{fit — (n — l)[3 n ) is unobstructed, i.e., is smooth with the expected dimension. 

Proof, (i) By the results in [AIK], Hilb"(C) is the locus of zeros of a section s of 
the rank-n locally free sheaf 7Tn*(<Z^Cx(l)|z„) over X^ n \ Furthermore the section 
s is transversally regular. It follows that JV C („) cX [„] = 7r n *(g*C>x(l)|.z„) lc<™) ■ 

To prove the second isomorphism, let Z n be the universal subscheme in x 
C = P™ x P 1 . Then, we have tt„* (q*O x (l)\z n ) lew = ^n* (£9pi (l)llj where 
7r„» : Z„ — > P™ and q n : P™ x P 1 — > P 1 are the projections. It is known that 
Z n £ P" x P 1 is defined by the equation a Q U n + ait/ n_1 V + ... + a n V n = where 
ao, ai, . . . , o n and U, V are the homogeneous coordinates on P" and P 1 respectively. 
So the line bundle C P „ xP i(Z„) is of type (l,n) in Pic(P" x P 1 ) = Z © Z. Let 
p„ : P" x P 1 — > P" be the projection. Applying p n * to the exact sequence 

- ^Opi(i) ® o P n xpl (-^„) - &Opi(i) - C<V(i)ls„ - 0, 

we obtain -> 0® 2 „, -> ^„(^C P i(l)|^) -> C( „) (-1)©(™- 2 ) _> 0. Since this 
exact sequence splits, we conclude the second isomorphism. 
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(ii) Follows immediately from (5.5) and the isomorphisms in (i). 

(iii) By (ii), H 1 ^, N ~ c xm) = for any curve 7 homologous to (f3g — (n — l)(3 n ). 
By deformation theory, Tt(f3e — (n — l)(3 n ) is unobstructed. □ 

Theorem 5.7. Let n > 2,X = P 2 , and £ be a line in X. Then the moduli space 
9Jl(fy — (n — l)/? n ) of curves in X^ homologous to (fy — (n — l)[3 n ) is isomorphic 
to the Grassmannian bundle Grass(Sym"((T(p2)* )*), 2) over (P 2 )*. 

Proof. First of all, we give a global description to the union W n of all the sub- 
sets Hilb"(C) C iW with C being lines in X = P 2 . Consider the incidence 
variety: F = {(x,[C]) e P 2 x (P 2 )* | x G C} C P 2 x (P 2 )*. We know that 
F S< P((T (p2) ,)*). Then we have Hilb"(P((T (p2) ,)*)/(P 2 )*) = Hilb"(F/(P 2 )*) C 
Hilb"(P 2 x (P 2 )*/(P 2 )*) = IH x (P 2 )* of relative Hilbert schemes over (P 2 )*. 
Let 7r:Hilb™(P((T (P 2 ) .)*)/(P 2 )*) -> (P 2 )* be the projection. Consider the map 
a:Hilb"(P((T (P 2 r )*)/(P 2 )*) ^ jM x (P 2 )* jH. Note that via the isomor- 
phism Hilb"(P((T (P 2 ) ,)*)/(IP >2 )*) = Hilb"(F/(P 2 )*), the fiber of the map tt over a 
point [C] G (P 2 )* is isomorphic to Hilb"(C). So Im(a) = W n . Moreover, since 
n > 2, an element £ € is contained in at most one line C in X = P 2 . So 

if a(C) = a(jy') for £',77' G Hilb™(P((T (P 2)0*)/(P 2 )*), then there exists a unique 
line C such that a(£') = 01(77') C C, i.e., £' and 77' are contained in the fiber 
7r _1 ([C]) over the point [C] G (P 2 )*. Since a maps this fiber isomorphically 
to Hilb"(C) C iW, we must have £' = 77'. By the Theorem 4.1.11 in [Got], 
Hilb™(P((T (P 2)»)*)/(P 2 )*) = P(Sym"((T (P 2 ) ,)*)). Thus, a gives the isomorphism 

P(S y m"((T (p2) .)*))SW n . (5.8) 

So the set of all the lines in Hilb"(C) C with C being lines in X = P 2 is 
parameterized by the Grassmannian bundle Grass(Sym n ((T( P 2)„ )*), 2) over (P 2 )*. 
By Theorem 5.4, from the universal properties of the Hilbert schemes and the 
Grassmannians, we obtain a bijective morphism A : Grass(Sym"((T( P 2)*)*), 2) — ► 
mt(0 e - (n - l)/3„). Since both Grass(Sym"((T (P 2 ) » )*), 2) and Wl(j3 e - (n - l)/3„) 
are smooth, the bijectivity of A implies that A is an isomorphism. □ 

By Lemma 3.8 and (3.7), the morphism $2=^2°^: X^ -> ¥ N2 is an embed- 
ding associated to the complete linear system \nD e — B n /2\. By Theorem 3.14 (iii), 
7 C X^ is mapped to a line by $ 2 if and only if either 7 ~ [3 n or 7 ~ (f3e~(n— l)(3 n ). 
Therefore, regarding X^ as a closed subvariety of P^ 2 , then the Hilbert scheme of 
lines in X^ is the disjoint union of 9Jt(/?„) and DJl(fy — (n — l)/3„). 

6. The structure of the morphism ip\ 

Our goal in this final section is to study the structure of the morphism ipi defined 
in (3.5) when n > 3. We recall from Proposition 3.12 (ii) that the structure of ip\ 
has been determined when n = 2. We begin with a lemma. 

Lemma 6.1. Let n > 3, X — P 2 , and W n be the contraction locus of the morphism 
<p x : iH <pi(XW) defined by (3.5). Then, 

(i) a fiber of tpi is either a point or the subset C X^ for some line C C X ; 

(ii) the restriction <fii\w„ '■ W n — > <pi(W n ) is isomorphic to the projective bundle 
P(Sym n ((T (P 2)0*)) over (P 2 )*, where T (P 2), is the tangent bundle o/(P 2 )*; 
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(iii) TV = (ipi\w n )* M ® 0{— 1) where N — N WnCX [„] is the normal bundle of 
W n in Jl"', M is some vector bundle over ipi(W n ) = (P 2 )*, and 0(1) stands for 
the tautological line bundle over the projective bundle (fli\w n ■ W n — ► ipi(W n ). 

Proof, (i) Fix £ G XK By definition, <pi(£) G ^(iW) C Grass O x (n - 

1)), n) corresponds to the n(n— l)/2-dimensional subspace H°(X, 1^ ® O x (n — 1)) 
mH°(X,O x (n-l)). So rj G (pi)" 1 ^!^)) if and only if ® O x (n- 1)) = 

® ^ 1))- Let C |(n — 1)^ be the linear system corresponding to 

the subspace ® O x in H°(X, O x (n - 1)). Then, cither cuts out 

a O-dimensional subscheme ( with £ D £, or c) has a fixed component C. 

Assume that d cuts out a O-dimcnsional subscheme £ with ( D £. Then, 
ff°(X,/ c ® O x (n - 1)) = tf (X,/ c ® O x (n - 1)), and (^i)" 1 ^)) C {77 G 
XN| c C}- Conversely, if r? G and 77 C then H°(X,I V ®O x {n- 1)) D 
ff°(X,/ c ®0 x (n-l)) =H (X,/c®O x (n-l)). So H ^,/,, ® O x (n - 1)) - 
H°(X, l£®Ox(n— 1)) since they have the same dimension. Thus 77 G (</?i) _1 (<^i(£)), 
and {77 G XW| 77 C C} C fai)"^®)- Hence (^i)" 1 ^)) = {»? G * N I V C C}- 
Now we claim (<Pi) _1 (¥>i(£)) = {£}• Indeed, if (^>i) _1 (¥>i(£)) contains more than 
one point, then there is an irreducible projective curve T in (<£>i) (<£>i(£)) — {v S 
XW| 77 C C} since the closed subset {77 G XN| 77 C C} of XW is known to be 
connected. Moreover, the projective curve T is contracted to points by both the 
Hilbert-Chow morphism p n and the morphism ipi. So T ■ Df — 0, and T • _B„ = 
in view of (3.7). By Theorem 3.14 (i), the intersection of T with every divisor on 
is zero. This is impossible. So (ipi) 1 (<pi(£)) — {£}■ 

Next, assume that has a fixed component C. Let C ~ d£ where d > 1. Then, 
n(n - l)/2-l = dim(o) < dim |(n-l-d)^| = (n + 1 - d)(n - d)/2 - 1. It follows 
that d = 1, C is a line in X = P 2 , and £ C C (i.e. £ G C< n > C iW). So 
(<Pi) _1 (<Pi(0) C CW. On the other hand, letting p(C) be a linear homogeneous 
polynomial defining the line C, we see that for every 77 G C<") c XW, the subspace 
H°(X,I V ® O x (n - 1)) in i? (X,O x (n - 1)) consists of all the degree-(n - 1) 
homogeneous polynomials divisible by p(C). In particular, H°[X, I v ®Ox(n— 1)) = 
H°(X,I 6 oO x (n-l)). So C(") c (^ 1 )- 1 ((^ 1 (0). Hence (^i)" 1 ^)) - <?K 

(ii) By (i), the contraction locus W n is the union of all the subsets C XW 
with C being lines in X = P 2 . So (ii) follows from (5.8) and (i). 

(iii) Fix a line C in X = P 2 . By (ii), C(") is a fiber in the fiber bundle <fii\w n '■ 
W n — ► ¥?i(W„). So we have N C ( n ) c jy n = 0® 2 „). Thus by Proposition 5.6 (i), we 
obtain an exact sequence of normal bundles: 

0® 2 „, 0®? n) 8 O c( „,(-l)®(- 2 ) - (^cxH)b(n) = A^lc(n) - 0. 

It follows that N\ c(n) = C( „)(-1)®("- 2 ) for every line C in X = P 2 . Since these 
C^™* 1 with C being lines in X = P 2 are precisely the fibers of the projective bundle 
Vi|w„ : W n — > </?i(W„), we conclude that AT = (^i|jy n )*M ® C(— 1) for some 
rank-(n - 2) vector bundle M over </>i(W„) = (P 2 )*. □ 

Let 77 > 3. By Lemma 6.1 (ii), we have dim(FF„) = (n + 2) < dim(XN) - l. So 
ipi : X^ — > < ) c 1 (x[ n l) is a birational morphism. Since K x m — ~3Dg where £ is a 
line in X = P 2 , (/3 £ - (77 - l)/3 n ) • ^ x[n] = -3 < 0. This says that i? = f R+ • (/3 £ - 
(77 — !)/?„) is an extremal ray since (-X^w) is nef and the Picard number of X^ 
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is 2. Thus (fi is the contraction of R since ((n — l)Di — B n /2) ■ (fy — (n — l)/3„) = 0. 
Moreover, when n > 4, dim(W„) < dim(X["l) — 2, so tp\ is a small contraction. 

Theorem 6.2. Let n > 4 and X = P 2 . T/ien, ifte /Zip /or the small contraction 
<p x : iH -> ^i(XW) de/med via (3.5) exists. 

Proof. We shall prove that the Flip Conjecture 5-1-10 in [KMM] holds for (pi. More 
precisely, we construct the commutative diagrams (6.8) and (6.9) satisfying this Flip 
Conjecture. The proof is a little long, but may be divided into two steps. In step 
one, we construct <p- and In step two, we construct ip + . 

Let (f- : JW -» [™1 be the blowing-up of X'"' along the contraction locus W n 
of ipi, and W n c XW be the exceptional divisor. Let TV be the normal bundle of 
W n in Then over W n = P(iV*), we have the tautological surjection 

(£-I^J*(^*)-><V B ( 1 )- >0 ( 6 - 3 ) 

where 0^ (1) is the tautological line bundle over W„ = ¥(N*). By Lemma 6.1 
(iii), N = (ipi\w n )*M (g) 0w„(— 1) where M is some rank-(n — 2) vector bundle 
over (fii(W n ) — (P 2 )*, and Ow n iX) stands for the tautological line bundle over the 
projective bundle <£i|w n ■ Wi ~* <Pi(W n )- So from (6.3), we obtain a surjection: 

M^°£-|^)*(M*) - &-\ w J*o w j-i)®o Wn (i) - o. 

By the Proposition 7.12 in Chapter II of [Har], the map (^i|w„ ° <P-\w ) : Wn — * 
^i(W„) factors through the natural projection P(M*) — > <£>i(W„). In fact, the 
induced morphism : W„ — > P(M*) is a P"-bundle. So the fibers of (<£i|w„ ° 
£>_|^pr) : W n — » yi(W n ) are naturally P" x P"~ 3 . Moreover, for the projective 
spaces P" in the fibers P" x P"" 3 , we have 0^ n] (\\Q\ V n ~ P «(-1), using the 
facts that ~ [n] (W„)| P n xP n-3 = 0(a, —1) for some integer a and that 



0® ( "" 2) ®Op»(1) ^N*\ rn * (ip_\ rnxrn - 3 % (_w„)| P „ xP . 



_ >]' 
0® ( "- 2) ®£> P n(-a). 



-3 



In other words, the restriction 0^ n] (— W„)|^r is a tautological line bundle of 
: W„ — ► P(M*). By the results in [Nak, F-N], there exists a morphism <p + : 

XH (XH) + such that (XH) + is smooth and contains P(M*). Moreover, 

£> + |~ = and £> + is the blowing-up of (X^) + along P(M*). 

Now we claim that (<J5_)*((n — 1)£^ — B n /2) = {ip + )*H + for some divisor ff + 

on (XN) + . Indeed, recall from (3.7) that ((n - 1)L>£ - B„/2) = (<£i)*# for some 

very ample divisor H on (^(X^). Consider the divisor 

(£_)*((n - 1)£>* - B n /2) = ( V i o ^_)*ff (6.4) 

on XH Since Z • [wQ 8 (£_)*C1(XH) = Cl(XM) = Z • [wQ © (£+)*Cl((XM) + ) 
where Cl(-) stands for the divisor class group, we conclude that 

(£_)*((n - !)£>< - B n /2) = XWn + (y+)*H + (6.5) 
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for some integer A and some divisor H + on (X^) + . Let C C XH be a line 
contained in a fiber P" of the projective bundle tp : W n — ► P(M*). Then, <p+{C) = 
ip(C) is a point in V(M*) C + ; an d (ipi o p_)(C) is a point in pi(W„) C 

ifi(X^). So applying (7 to both sides of (6.5) and using (6.4), we obtain 

= (pi o p_)*ff • C = (£_)*((n - l)D t - B n /2) ■ C 
= (XVK, + {y+)*H + ) ■ C = A • [W n ■ C) = A • (ci(Op»(-l)) • C) = -A 

where we have used the fact that O ^j n] {W n )\fn = (9pn(— 1) when P™ is a fiber of 
the projective bundle ip : W n -> P(M*). So A = and 

(£_)*((n - 1)£>* - Bn/2) - (6.6) 

Since p+ is the blowing-up morphism of the smooth variety (X^ )+, we see that 
\{<p + )*H + \ = (<p + )*\H + \. So combining with (6.4) and (6.6), we obtain 

| (pi o<p_)*H\ = |(£-)*((n - \)D t - B n /2)\ = \{y+)*H + \ = (<p+)*\H + \. (6.7) 

Since tp\ is the contraction of the extremal ray R = R + ■ {fit — (n—l)/3 n ), it is known 
from [KMM] that ip\{X^) has at most rational singularities. So |(pi ° ip—)*H\ = 
{if! o lp-)*\H\. In view of (6.7), (pi o $-)*\H\ = ](pi o fi-)*H\ = (<p+)*\H+\. 
Since H is a very ample divisor on ip\{X^), (ipi o p_)*|_ff is base-point-free. It 
follows from ((p + )*\H + \ = (ipi o!p_)*\H\ that \H + \ is also base-point-free. So \H + \ 
induces a morphism ip + : (X^) + — > ip + ((X^) + ). Moreover, since (£>+)* |.ff+| = 
(ipi o ip_)*\H\, we conclude that <p\ o <p_ — <p + o<p + up to an isomorphism between 
ipi(X^) and ip + ((X '"')+). So putting p_ = pi, we obtain a commutative diagram: 

X>] 

y<p- \ v+ 

IH * (JfW) + . (6.8) 

Pl(* W ) 

Note that ip + : (lH) + _ p(M*) -> pi(XM) - ^(Wn) is an isomorphism. 

It is standard to check that K^ X W) + is p+-ample. So the commutative triangle 

ih ^-r 1 {x[n])+ 

\<p- yp+ (6.9) 

Pi (*["]) 

satisfies the Flip Conjecture 5-I-I0 in [KMM], i.e., the flip for p_ = ipi exists. □ 

Remark 6.10. The proof of Theorem 6.2 shows that for n = 3, <p\ : X'"' — > 
pi(Xl™]) is the blowing-up along ipi(W n ) = (P 2 )*, and W n is the exceptional locus. 
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